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Abstract-Within the framework of higher-order shell theories, a variational principle is es­
tablished. The variation of the action integral includes the contributions due to changes of the
field, boundaries and extemalloads. Based on the derived expression, a general discussion of
possible material conservation laws is given.

I. INTRODUCTION

The conservation laws of material continua have received considerable attention during
recent years[I-4]. This is probably due to the close relation of those new conservation
laws to the path-independent integrals broadly used in fracture mechanics[5-8]. The
material conservation laws express the invariance of the Lagrangian (or the action
integral) under certain class of admissible material transformations[9].

Path-independent integrals in shell theory have been considered by several au­
thors[10-12]. Let us notice that the investigations in [1-9] were concerned with infinite
elastic continua. Shells are finite bodies, so the boundary conditions have to be included
explicitly in any consideration. Roughly speaking, shell theory attempts to describe
the real three-dimensional state of deformation (and stress) in terms of the deformed
and undeformed configurations of the (curved) middle surface. The internal geometry,
therefore, imposes the necessity of using curvilinear coordinates and, related to them,
the special features of Riemannian geometry. For these reasons we have to establish
the most general form of the variation principle for shells. From this principle the
conditions for possible conservation laws can be derived.

Berger and Radenkovic[ 10] did not place any restrictions on the geometry of the
shell middle surface. Based on the results of our study we conclude that their integrals
are not path-independent in general.

Another difficulty, not related directly to the previous remarks, arises from the
approximate character of shell theories. Since no "exact" theory is available, various
features that characterize a consistent shell theory have been introduced to estimate
the possible errors of the results and to indicate the range of applications of a given
theory[13-16]. In order to meet these "quality criteria", a priori assumptions (like the
classical Kirchhoff hypothesis) have to be used in establishing a first-order shell theory.

Nicholson and Simmonds[12] showed-in the context of shallow shell theory­
that Sander's energy-release rate integral is path-independent for all mid-surface geo­
metries. Lo[ll] examined path-independent integrals for cylindrical shells and shells
of. revolution. Using the "best" first-order linear shell theory[13, 17] he expects that
path-independent integrals do not exist in general for shells except those which erUoy
a high degree of symmetry.

Therefore, it seems to be worthwhile to study conservation laws in the context of
higher-order theories. To arrive at a shell theory of desired accuracy, special assump­
tions may be introduced later on in order to be sure that all effects and terms present
is this degree of approximation are included.

t Visiting scholar, presently at Fraunhofer-Institut fOr WerkstotTmechanik, WOhlerstr. II, 0.7800
Freiburg, FR Germany.
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Scls or cllualions of highcr-ordcr shcll lhcorics havc becn givcn by various au­
thors[15, 16. 18, 19]. The following investigation is based on a general/-th-order shell
theory.

2. GENERAL BACKGROUND

The middle surface in shell theory plays a very special role. Its significance can
be compared with the role the elastic axis (centroidallocus of the cross-section) plays
in hcam lhcory. As indcpendcnt variahles for the shell dcscription we choosc thc Gaus­
sian coordinates ~" (ll := 1, 2) of the middle surface and the thickness parameter' as
the third coordinate, perpendicular to the middle surface. All fields and equations gov­
erning their behavior are then expressed in terms of these variables and derivatives
with respect to them.

The main goal of the shell theory is to find the approximate, but consistent, rep­
resentation for the governing fields and field equations in terms of coordinates related
to the middle surface only.

One way to approach this task (presented in [19]) consists in expanding all kine­
matic quantities in a power series with respect to , (assuming that thickness of a shell
is much smaller than other surface dimensions). The local kinematic equations and
constitutive laws are satisfied by requiring that the coefficients at each power '" are
equal on both sides of the initial relations. The global field equations are derived by
integration with respect to , over the shell thickness. As a result, instead of using
stresses -rij we deal with stress moments or stress resultants Imij which are weighted
averages or I-th moments of the stress distribution in , direction.

The details of the above described procedure can be found in [15, 16, 18-20].
Therefore, here we restrict ourselves to a short account of the theory necessary for
further development of conservation laws.

As usual, the range of Latin indices is I, 2, 3 and that of Greek indices is I and
2. A vcrtical bar followed by a Greek index signifies covariant differentiation on the
surface with respect to the indicated surface coordinate and a comma corresponds to
partial differentiation. Let us consider a shell element (Fig. I). The position vector R

Fig. I. Coordinates and base vectors of a shell.
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of an arbitrary point P of the shell can be decomposed into a sum of two vectors: the
position vector r of the corresponding point Po on the middle surfce and the vector
PoP along the coordinate line, (with unit vector 83 perpendicular to the middle surface):

(I)

The shifter lLi is defined as

(2)

where ft[ is the Kronecher delta and ba is the (mixed) curvature tensor of the middle
surface. The shifter connects the base vectors gj at the arbitrary point P of the shell
(gj = R.j ) with base vectors aa at Po on the middle surface (aa = r.a )

(3a)

The displacement u can be written in terms of spatial components IIl.'i'i such that u =
u~S) " or surface components U(Ali; u = U~A) ai . Again, the shifter relates both, spatial
and surface representations of u:

(3b)

The relation between the infinitesmal volume element dV of the shell and the infini­
tesimal element of the middle surface cIA is given by [14]

(4)

where IL is the determinant of the shifter.
Generalized stress resultants 'mu ( = I-th moments of the stress distribution in

the thickness direction) are defined by

I = 0, 1,2, .... (5)

The index I appearing on the upper left-hand side of the generic letter m is related to
the order of the moment only, as obvious from the above formula, and has nothing to
do with tensor indices appearing on the right-hand side of m. Some of these moments
have a simple physical interpretation; the classical tensor of inplane forces (normal and
shear) is given by °maf3 while I maf3 , the moment's tensor, is related to bending and
twisting. The components Im33 result from normal shear in the, direction.

As mentioned above, we expand the components of the displacement vector
uJAl in a power series with respect to the thickness coordinate "

UJA) = °Uj + IUj' + 2Uj,2 + .. , = ~ 'Uj,'.
1-0

(6)

The first terms 0 Uj correspond to displacements, I Ua contributes to the rotations ·of the
normal of the shell middle surface. I U3 is related to the change of thickness; higher­
order coefficients IUj (/ > I) include effects of warping of the cross-section.

We introduce the moments 'w of the strain density W

(7)

Now we can define the strain resultants 'XU conjugate to the stress resultants ImU
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defined by (5) in the foHowing manner[ 19]:

I, - 1 I 1 b13
1\",3 - U3 '" + UI3 "" (8)

(Like the displacement gradient the quantities I;'ij are not invariant under superposed
rigid body motions. Only symmetric invariant quantities, however, occur in the ar­
guments of the constitutive response functions[19].)

We can check that Imij and I Aij satisfy the foHowing constitutive equations:

alw I ..-- = +nm'J
anAij •

(9)

In a similar way we can introduce moments IV of the potential of external forces V
(per unit volume). They are related to the force resultants Ipi through the following
relations:

(10)

The external shell forces lpi result from body forces pi and prescribed stresses ~3k

acting on the upper and lower shell faces and are defined by

Therefore IV has to be defined as

(II)

J
-h/2

IV = tilL V dt -
-h/2

(12)

where we took into account formulas (3) and (6).
We will illustrate the procedure described above in the next section; namely, we

will derive the equilibrium equations and boundary conditions from the classical virtual
work theorem.

Without going into details, it should be mentioned that from a mathematical point
of view, the procedure presented above is based on the Weierstrass approximation
theorem and convergence theorems proven by Sensenig[2J].

In practice we limit ourselves to only the first few terms in the expansion. The
first-order approximation is the simplest one (aside from the membrane theory); how­
ever, as mentioned in the introduction, additional assumptions and neglections are
necessary to obtain a consistent first-order shell theory[l6].

It turns out that an appropriate second-order approximation leads to consistent
shell equations[19], in particular there are no contradictions arising from the eqns (9)
and (10), i.e.

for I, n, 1 + n :5 2;
otherwise.

(9')

Let us observe that all features of a consistent shell theory set up during past years[ 13­
16, 18] are met, in particular, fulfillment of the static geometric analogy: no additional
assumptions or corrections of the equations are necessary. It has been demon­
stated[J9(b)] that this theory reduces to accepted engineering beam theories.
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3. THE CLASSICAL VIRTUAL WORK THEOREM: EQUILIBRIUM EQUATIONS
AND BOUNDARY CONDITIONS

The stress resultants'mij have to satisfy the equilibrium equations and boundary
conditions. In order to derive the equations for '//Iii we multiply the governing three­
dimensional equations for a shell element by,' and then integrate with respect to ,
over the thickness of the shell[J9].

The alternate way, which we will follow here, is based on the use of the virtual
work theorem for the shell theory. As a first step of this procedure we will introduce
the moments 'n of the total energy n of the shell.

The total energy n of an elastic body occupying the region V in the static case
consists of the sum of strain energy and potential of body forces diminished by the
work done by the tractions on the boundary av

(13)

If we apply the Gauss theorem to the last term, the total energy n can be represented
as the volume integral. Then we define moments 'n in the following way

Integration by parts leads to another form of n, namely

Consider now a shell element bounded by the surfaces dA + and dA - (, = ± h/2)
and a cross-sectional surface dS (unit outward normal n~l) perpendicular to the
middle surface (Fig. 2). The intersection between the cross-section and the middle
surface is denoted by a smooth closed curve c (arc length I, unit outward normal
n~"'\) = no). According to [J4] it is

Fig. 2. Shell element with bounding surfaces.
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and with eqns (3)-(7) and (12) we get finally

The integrand of the surface integral represents the 'oth moment'L of the Lagrangian
density I (with negalive sign):

- 'L("u' "u ·1 t U
} = IW + 'V + I ~ '+II-l mJk " U:1. :1 G.':> ~ k·

n-O
(15)

Thus the integral itself is the I-th moment IA of the (negative) action A. The contour
integral describes the work done by the given loads '+Ilp." acting on the cross-sections.
With these observations we can simplify the form of eqn (14) to

(14')

The equilibrium equations can be directly derived from IL as Euler-Lagrange equations,
i.e.

a'L I a'L-n-- - -n- = o.
a Uj IG a a Uj

As mentioned before, we need in addition the boundary conditions for Imij. That is
why we will go through the variational procedure for In involving not only IA but the
work term as well. We will see that this will provide us with the equilibrium equations
and the boundary conditions from the same variational principle. We compare the
"neighboring" states of total energy (14) assuming that the independent variables ~a

do not change. The requirement of the stationary of the functional'n gives

The symbol a denotes a variation when the boundaries are fixed, whereas 8 will be
used for more general variations, with varying boundaries, to be studied in the next
section.

Using eqns (8)-(10) and integrating by parts a/n can be rewritten as

8/n =f i {- ['+IlmPu Ip - bU /+"mIS3 - (l + n)'+Il-l m3u + '+lIpU f&" u..
"'n-O

- [/+nmIi3 11S + bGIi/+nmlia - (l + n)'+Il-lm33 + '+np3]8"U3

+ ('+Ilm lij8 nuj) IIi}dA - 1. i 1+/lp·j8"uj dl.
j('n-O

(7)

The underlined term in the surface integral can be transformed into a line integral; thus
requiring a In to vanish leads to the well-known equilibrium equations and boundary
conditions
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In av:

f+"m 13u 113 - b; f+"m 133 - (/ + n) 1+,,-l m 3u + f+"pu = 0, (l8a)

f+"m 133 /13 + bU13 1+"m13u - (/ + 11) 1+,,-l m 33 + f+"p3 = O.

(l8b)

The relations (18a) coincide with Euler-Lagrange eqns (16); but, at the same time,
we established the boundary conditions, which can not usually be obtained from a
stationary action integral. Equations following from the moment ofmomentum principle
are omitted here, since they are not necessary to the following.

4. VARIATIONAL PRINCIPLE WITH VARYING BOUNDARIES

Classical variational principles have been used to derive equilibrium equations. It
is impossible, however, to obtain, at the same time, material conservation laws because
the class of variations is too restricted. In addition to "shape" variations 8of the fields
we have to admit the variations of the independent variables EG contributing to the
"convective variations" of the fields. This leads to a variational principle with varying
boundaries[9, 22].

Let us consider a neighboring state of the action moment fA:

(19)

Let 8EG denote the variation of EU, i.e.

Then, proceeding similarly as in [2], we get the following expressions for the (total)
variations of "II} and'L:

8"u} = 8 "u} + /l u} Iu 8EU + 0(82),

8'L = 8fL + 'L lu 8Eu + 0(82).

The transformed area dA* is related to dA as follows:

(20)

The variation 8'L is equal to the underlined term in (17), since we omit the line integral
in (14') and the equations of equilibrium (18a) are supposed to be valid

Using all the above expressions for 8fu}, 8'L, dA* and 8'L we can rewrite (19) to derive
the variation of 'A:

8'A = 'A* - 'A = f [('L8~ + i '+nm13) nUl I)8~u
A n-O a

- i f+"m
13

} 8"U}] I" dA + 0(82
). (21)

,,-0 ..

The details of the above derivations and further references can be found in [2. 9, 22].

SAS 21:III-D
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We are interested in infinitesimal transformations leaving the action integral A
unchanged (invariant transformations of A), i.e. we require that a/A = O. This can be
expressed as the condition of vanishing of the line integral

We obtained it from (21) by Gauss theorem.
As a special case we consider first a~u = 0 -no change of the independent vari­

ables. Then the total variation of 'Uj as given by eqns (20) reduces to 8'uj, i.e. flui =
8'u;. If in addition there are no body forces. i.e. all'pj = 0 and 8'u; represent rigid
body motions (infinitesimal), then eqn (22) leads to the rather known trivial statement
that the forces applied on the boundaries have to be self-equilibrated.

Another class of transformations. namely

is of special interest if we are concerned with material conservation laws of the system.
Generalizing the Eshelby tensor[231 we introduce moments of the material momentum
tensor 'l/1~:

'l/1~ = 'La~ + ~ '+"m 13j "Ujl",·
n-O

(23)

The admissible transformations, leading to conservation laws, have to satisfy conditions
following from (22)

a'A = f" 'l/1~ a~'" nl3 dl = O. (24)

(We assumed alllj = 0.) alA can be rewritten, by means of the Gauss theorem, in the
form

+ 1+"m13j nUj 10 13)] ~~o + 'l/1~ ~~"'113 } dA. (25)

Now we can calculate derivatives of IL [using relations (8), (9), (to) and (t5)]:

+ (b3 l+"m 133 + (l + n) 1+,,-l m3.., - '+"p"') "Il.., I",
+ (-byfi '+"m13y + (l + n) '+,,-l m33 - '+"p3) "u31",}.

From the above and the equilibrium eqns (18a) we get finally
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We will use formula (26) for further discussion of possible conservation laws. In par­
ticular, we are interested in the possible contributions to the first form [atLlaEU]up.
These can arise from various parameters involved in the descriptions like material
'properties and geometry of the shelI itself. For a shell made of an isotropic material,
IL has in general the following form:

where E and v are elastic constants (Young's modulus, Poisson's ratio, respectively).
All the parameters up to the semicolon can contribute to the first term in (26).

Therefore the conditions to be satisfied in order to ensure [a'LlaEa]ellp = 0 are

E, v, h = const,

npj la = 0,

b~ la = o.

(27a)

(27b)

(27c)

The condition QIJ'Y Iu = 0 is satisfied automatically (Ricci's lemma). Next we will discuss
the possible contributions from further terms in the integrand of (26). The form in
parentheses in curved space is not necessarily zero because the differentiation is not
commutative, i.e.

where

n I n I - RP nU'Y ap - U'Y Pa - yap Up, (28)

(29)

is the Riemann-Christoffel curvature tensor[14]. For the third component of n u, per­
pendicular to the middle surfaces, we can interchange the indices a and (3, i.e.

Assuming that E, v and h are constants and (27b) is satisfied, we can see from (28) that
alA as given by (26) can be rewritten in the form convenient for further discussion

From the formula (30) it is easy to see the differences arising in establishing material
conservation laws in shelI theory and in general three-dimensional elasticity (in Eu­
clidean space). Especially in the last case RPyap equals zero and, of course, b~ la = 0,
and then the only contributions to the conservation laws are related to the moments
of the material momentum '1jI~. In addition to the requirement of homogeneous shell
material (E, v, h = const) the possibility of establishing material conservation laws in
shell theory is reduced for the following reasons:

(i) (27c) is satisfied only for shells of constant curvature;
(ii) the components RP'Yap vanish only for developable surfaces;

(iii) the covariant derivatives of a~a do not vanish for a~a = const, except for circular
cylindrical shells.

These restictions depend only on the shape of the shell middle surface and are therefore
valid for all kinds of shell theories.

Lo[ll] established conservation laws for shells based on the first-order shell
theory[17]. The corresponding energy-momentum tensor can be derived from eqn (23)
by introducing the assumptions and order-of-magnitude estimations commonly used in
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first order theory. Lo showed that conservation laws hold for cylindrical shells due to
translational invariance and for shells of revolution due to translational invariance var­
iance only in circumferential direction. These transformations, of course, lead to ma­
terial conservation laws in higher-order shell theories, too.

In contrast to cylindrical shells it is possible to show that conservation laws hold
for spherical shells not only due to translational invariance but also due to rotational
invariance with respect to the normal of the middle surface.

5. CONCLUDING REMARKS

In the framework of a loth-order shell theory the general condition for possible
conservation laws has been derived. By contrast to the infinite elastic medium, it in­
volves not only the material momentum tensor (or, in other words, the static part of
Eshelby's energy-momentum tensor), but the boundary conditions and the geometric
parameters of the shell. The latter is manifested by the presence of the curvature tensor
of the middle surface, while the former by the resultants of the external load.

The comparison with conservation laws based on the first-order shell theory in­
dicates that conditions obtained here are more general and the previous ones can be
obtained from them by neglecting some terms (or effects) present in a higher-order
theory. More over, from the expression of the material momentum tensor presented
here, we arrive at material momentum tensor for shell theories of any order of ap­
proximation by introducing their assumptions and order-of-magnitude estimations.

By checking the restrictions imposed on the existence of path-independent integrals
the following conclusions can be drawn:

Only for spherical shells material translations and rotations are admissible trans­
formations leading to conservation laws. Circular cylindrical shells allow material trans­
lations in circumferential and longitudinal direction. Regarding shells of revolution, a
material translation in circumferential direction is an admissible transformation, while
a translation in meridional direction is not. Thus, by contrast to the infinite Euclidian
space, the "interchange" of coordinates in deriving corresponding conservation laws
is not possible.

Probably further transformations exist (e.g. due to self-similarity) leading to ma­
terial conservation laws. Such admissible transformations have to be discovered in the
future.

Because of the outlined difficulties resulting from the geometry on a curved surface
and the approximate character of shell theories, conservation laws for shells have to
be handled with special caution, Le. we have to be sure that a conservation lawes­
tablished in a nth-order shell theory is consistent with that approximation.
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